Introduction {#Sec1}
============

Back in 1988, Yager introduced OWA operators in the context of decision making \[[@CR12]\] as a family of functions that lie in between the 'and' and the 'or' operators. Formally, an OWA operator simply is the result of applying a symmetrization process to a weighted arithmetic mean \[[@CR7]\] in which the weighted arithmetic mean is applied to the order statistics of the values to be aggregated rather than to the values themselves. Aside of symmetry, OWA operators satisfy very natural properties such as (increasing) monotonicity, idempotence and continuity.

Several families of OWA operators have been studied in the literature \[[@CR13]\], probably centered OWA operators being the most prominent family \[[@CR14]\]. Interestingly, some centered OWA operators have been studied in the field of statistics due to their robustness in the presence of outliers, e.g., the median, trimmed means and winsorized means.

The field of multivariate statistics has studied for a long time how to extend the notion of median to the multidimensional setting \[[@CR10]\]. The field of aggregation theory is also experimenting an increasing interest in this multidimensional setting. For instance, one can find recent works on penalty-based aggregation of multidimensional data \[[@CR5]\] and on the property of monotonicity for multidimensional functions \[[@CR6], [@CR9]\]. It is no surprise then that an extension of OWA operators to the multidimensional setting has been recently proposed by De Miguel et al. \[[@CR2]\] by making use of a linear extension of the product order. Unfortunately, as we shall see in the upcoming sections, the consideration of a linear extension of the product order extends OWA operators to the multidimensional setting at the cost of losing continuity and, if applicable, the robustness in the presence of outliers.

The remainder of the paper is structured as follows. In Sect. [2](#Sec2){ref-type="sec"}, it is discussed how a linear extension of the product order can be defined by means of several weighted arithmetic means. Section [3](#Sec3){ref-type="sec"} presents the extension of OWA operators to the multidimensional setting by De Miguel et al. The strange behaviour of such extension is discussed in Sect. [4](#Sec4){ref-type="sec"}. We end with some concluding remarks in Sect. [5](#Sec5){ref-type="sec"}.

Linear Extensions of the Product Order by Means of Weighted Arithmetic Means {#Sec2}
============================================================================
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As discussed in \[[@CR2]\] (see Proposition 2), a linear extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\le _m$$\end{document}$ can be defined by means of *m* linearly independent weighted arithmetic means $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_1,\ldots ,M_m:\mathbb {R}^m\rightarrow \mathbb {R}$$\end{document}$. More precisely, the linear extension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\preceq _\mathbf{M}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\le _m$$\end{document}$ based on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{M}=(M_1,\ldots ,M_m)$$\end{document}$ is defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{x}_{i_1}\,\preceq \,_\mathbf{M}{} \mathbf{x}_{i_2}$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf{x}_{i_1}=\mathbf{x}_{i_2}$$\end{document}$ or there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \{1,\ldots ,m\}$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}M_j(\mathbf{x}_{i_1})&\le M_j(\mathbf{x}_{i_2}),\text { for any }j\in \{1,\ldots ,k-1\},\\ M_k(\mathbf{x}_{i_1})&< M_k(\mathbf{x}_{i_2}).\end{aligned}$$\end{document}$$The most prominent such linear extensions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^m$$\end{document}$ are the lexicographic orders $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\preceq _\sigma $$\end{document}$ \[[@CR4]\], where a permutation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{1,\ldots ,n\}$$\end{document}$ serves for establishing a sequential order in which the different components are considered. Formally, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j\in \{1,\ldots ,k\}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_j$$\end{document}$ is defined as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_j(\mathbf{x}_i)=\mathbf{x}_i(\sigma (j))$$\end{document}$.

In the two-dimensional case, Xu and Yager's linear order $\documentclass[12pt]{minimal}
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An illustration of this procedure is given in Fig. [1](#Fig1){ref-type="fig"}.

Fig. 1.Graphical representation of the linear extension of the product order based on $\documentclass[12pt]{minimal}
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Extending OWA Operators to the Setting of Multidimensional Data by Means of a Linear Extension of the Product Order {#Sec3}
===================================================================================================================
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A Strange Behaviour {#Sec4}
===================
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This oversimplification of an *m*-dimensional space into a unidimensional space leads to two main issues. Firstly, unlike in the unidimensional setting, OWA operators as defined in the previous section are no longer continuous functions.
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Even worse, points have such an undesirable freedom of movement within its own level set of the first weighted arithmetic mean that even very robust OWA operators in the presence of outliers in the unidimensional setting become non-robust in higher dimensions.
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                \begin{document}$$\frac{1}{2}$$\end{document}$ as in the unidimensional setting. This lack of robustness might not be a big deal in the context of De Miguel et al. \[[@CR2]\] since the use of these OWA operators is restricted to a unit hypercube, however, it definitely becomes a major problem if dealing with an unbounded domain (as typically is the case in multivariate statistics \[[@CR5]\]).

Concluding Remarks {#Sec5}
==================

In this paper, a recent extension of OWA operators to the setting of multidimensional data is discussed. As natural as said extension sounds, it is proven to lead to functions that are neither continuous, nor robust. This is due to the fact that the use of a linear extension of the product order is inherently linked to a unidimensional behaviour, and should definitely be abandoned in the multidimensional setting. The use of geometric quantiles \[[@CR1]\] instead of linear extensions of the product order in the construction of OWA operators for multidimensional data is encouraged by the author. This direction will be further explored in future work.

It is admittedly more common to find an equivalent definition of the order in which $\documentclass[12pt]{minimal}
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